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Abstract. Let X be an arithmetic hyperbolic surface, if) a Hecke-Maass form, and I a 
geodesic segment on X . We obtain a power saving over the local bound of Burq-Gerard- 
Tzvetkov for the L 2 norm of if) restricted to £, by extending the technique of arithmetic 
amplification developed by Iwaniec and Sarnak. 



1. Introduction 

If X is a compact Riemannian manifold and if) is a Laplace eigenfunction on X satisfying 
Aip = X 2 if>, it is an interesting problem to study the extent to which if) can concentrate on 
small subsets of X. Two well studied formulations of this problem are to normalise if) by 
|| if) || 2 = 1, and either bound H^Hp for 2 < p < oo or bound the LP norms of if> restricted to 
some submanifold. We shall be interested in both of these problems in the case where X is 
two dimensional and the submanifold we restrict to is a geodesic segment i. The basic upper 
bound for \\if)\\ p in this case was proven by Sogge [16] (see also Avakumovic pQ and Levitan 
[12] when p = oo), and is 



(i) lh%«A^ 

where S(p) is given by 



8{p) 



1/2 -2/p p>6 
1/4 - l/2p 2<p<6. 

The standard bound for HV'Mlp is due to Burq, Gerard and Tzvetkov [7] (see also Reznikov 
and is 



(2) UUWp « 

where S'(p) is given by 



8>(p) 



1/2 -1/p p>4 
1/4 2<p<4. 

Both of these bounds are sharp when X is the round 2-sphere, but can be strengthened under 
extra geometric assumptions on X such as negative curvature, see for instance [T71 [HI [19]. 
It should be noted that all such improvements in the negatively curved case are by at most 
a power of log A. 



We now let A" be a compact arithmetic hyperbolic surface and if) a Hecke-Maass cusp form 
on X, which we shall always assume to be L 2 -normalised. In this case, Iwaniec and Sarnak 

l 



[TTj have shown that the bound HV'Hoo <C A 1 / 2 given by ([T]) may be strengthened by a power 
to | \ip\ |oo A 5 / 12+e . Their approach, known as arithmetic amplification, is to construct 
a projection operator onto ip using the Hecke operators as well as the wave group. It has 
been adapted by other authors to study the pointwise norms of arithmetic eigenfunctions in 
various aspects, see for instance [31 El QUI EO]. In this paper we apply amplification to a new 
kind of semiclassical problem, namely improving the exponent in the bound (FJJ) for HV'Mh- 
Our main result is as follows. 

Theorem 1. Let ip be a Hecke-Maass eigenfunction on X with spectral parameter t. For 
any geodesic segment I of unit length we have 

(3) U\eh «« * 3/14+£ > 
where the implied constant is independent of I. 

We may combine Theorem [T] with a theorem of Bourgain jS] to give an improvement over 
the local bound ||^|| 4 < t 1/8 . 

Corollary 2. We have \\ip\\ 4 < e ji/8-i/ii2+ e _ 

Corollary [2] is much weaker than the bound HV'IU t e announced by Sarnak and Watson 
(|15j. Theorem 3), although their result may be conditional on the Ramanujan conjecture. 
See also [I] for results in the case of holomorphic eigenforms. Note that Bourgain's theorem 
actually gives an equivalence (up to factors of t e ) between a sub-local bound for \\ip\\/t and 
one for HV'Wh that is uniform in £, and so the bound of Sarnak and Watson implies Theorem 
[I] with an exponent of 1/8. However, we feel that our method is of interest as it does not 
rely on special value identities or summation formulas, and we hope to apply it to restriction 
problems on other groups by combining it with the techniques of [T3] . 

Theorem [TJ and the L°° bound of [TTJ can both be strengthened under the assumption that 
the Fourier coefficients of if) are not small. In our case, this assumption allows us to employ 
an amplifier of sufficient length that it becomes profitable to estimate the Hecke recurrence 
using spectral methods, rather than diophantine ones as in [11]. Let A(n) be the normalised 
Hecke eigenvalues of ip, and assume that they satisfy the bounds 

(4) |A(p)|» e ^- e 

N<p<2N 

for all iV > 2 and 

(5) |A(n)|<V 

for some 9 < 1/2 and p prime. Note that ((SJ) is known with 9 = 7/64, see [2]. We then prove 
Theorem 3. // the normalised Hecke eigenvalues A(n) satisfy and (TJP, we have 
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2. Notation and Preliminaries 



2.1. Notation. For simplicity, we shall restrict attention to X that arise from a quaternion 
division algebra A = (^-) over Q. Here o,i e Z are square free and we will assume that 
a > 0. We choose a basis l,oo, Q, ouQ for A over Q that satisfies u 2 = a, Q 2 = b and 
tuVl + Vlu = 0. We denote the norm and trace by N(a) = aa and tr(a) = a + a. We let R 
be a maximal order in A, and for m > 1 let 



i?(m) = {a G i?|iV(a) = m}. 

is the group of elements of norm 1; it acts on R(m) by multiplication on the left and 
R(l)\R(m) is known to be finite [S]. Fix an embedding : A — > M 2 (F), the 2x2 matrices 
with entries in F = Q{yfa) by 

-ill) 

where 

a = xo + xiw + (x2 + £3Cj)f2 = £ + 

We define the lattice T = 0(i?(l)) C SX(2,R), which is co-compact as we assumed A to be 
a division algebra, and let X = r\H. We define the Hecke operators T n : L 2 (X) — >■ L 2 (X), 
n > 1, by 

aefi(l)\i?,(n) 

There is a positive integer g (depending on R) such that for (n, g) = 1, T n has the following 
properties (see [5]): 



T n = T*, that is T n is self-adjoint, 
T n T m = ^2d\(n,m) dT nm /d 2 - 

We let X(n) be the normalised Hecke eigenvalues of ip and t be its spectral parameter, so 
that 



T n i> = 
Aijj = 

We shall use the standard parametrizatons 
write the Iwasawa decomposition as 



\{n)n 1/2 tp, 
(1/4 + t 2 )^. 

of the subgroups K, A and iV of SX 2 (M), and 



g = n(g)exp(h(g))k(g). 
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2.2. Outline of the Proof. It suffices to prove Theorem [T] with £ chosen to have any fixed 
lengt. The length we choose is the minimum of 1 and 1/100 times the injectivity radius of 
X, and we denote it by I. We shall prove Theorem [1] by estimating the Fourier coefficients of 
ip along £. More precisely, if R is the operator of restriction to £ and a G C£°(£) is a smooth 
cutoff function that is equal to 1 on an open subset of £ containing its midpoint, we shall 
estimate the Fourier coefficients of aRip considered as a function on the circle IR//Z. We let 
x be a length co-ordinate on £, and write the complex exponentials on £ in its identificaton 
with the circle as e lXx . 

Using semiclassical methods, it may be shown that the contribution to the L 2 mass of 
aRip coming from Fourier coefficients away from ±t is smaller than i 1//4 , and so it suffices to 
bound the contribution from those coefficients near ±t. Fortunately, this is exactly the case 
in which our amplification method is effective. Let /3 be a parameter satisfying 1 < /3 < t, 
let Hp C L 2 {€) be the space spanned by the functions e tXx with min |A ± t\ < (3, and let Up 
be the orthogonal projection to Hp. Using amplification, we prove the following bound for 
UpaRip. 

Theorem 4. Let N > 1 be an integer and a n , n < N , be a sequence of complex numbers. 
We have the bound 

22 a nK n ) 
n<N 

Choosing the a n to be the amplifier used in [TT] and N = t 1 / 6 /? -1 / 6 gives the following 
corollary. 

Corollary 5. We have the bound \\UpaR1pW2 < e t 5/24+e /3 1/24 . 

The semiclassical bound we prove for (1 — Up)aRijj is as follows. 

Proposition 6. We have ||(1 - Up)aRip\\ 2 < e t 1/4+e /3" 1/4 . 

Combining these two results with (3 = t 1 ^ 7 gives Theorem [TJ Note that we expect Propo- 
sition [H] to be sharp on the round sphere. 

We prove Theorem [3] by improving the amplifier used in Theorem HI and hence the bound 
in Corollary [5l Our new ingredient is a spectral method for estimating the number of times 
the Hecke operators map £ close to itself, which allows us to prove the following result. 

Theorem 7. Assume that ip satisfies ^ and |3]]. We have the bound 

||(l-n^)a^|| 2 « £ ^ 2 +^/4-*/2_ 
Theorem [3] follows by choosing (3 = t( 1 ~ 26, )/( 2 ~ 2e ) and combining this with Proposition O 

2.3. Structure of the Paper. We prove Proposition [6] in Section [3j We prove the un- 
conditional amplification result, Theorem HJ in Section H] by following closely the method of 
Iwaniec and Sarnak, before introducing our spectral method for estimating Hecke recurrence 
and proving Theorem [7] in Section Sections E] and [7] establish bounds for the oscillatory 
integrals which appear in the amplification argument. 
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n<N 




3. Bounds Away from the Spectrum 



We now give the proof of Proposition [61 We are free to assume that > t € , as otherwise 
the result follows from the bound (J2J) of Burq-Gerard-Tzvetkov. Let h G S be a function 
of Payley- Wiener type that is positive, even, and > 1 in the interval [—1,1]. Let h t (X) = 
h(X —t) + h(—X — t), and let be the i^-biinvariant function on EI with Harisch- Chandra 
transform h t . It is of compact support which may be chosen arbitrarily small, by the Payley- 
Wiener theorem of Gangolli [9]. We shall need the following results about k t , which follow 
easily from the methods developed in [13] . 

Proposition 8. Let p t G Cq°(M.) be the function such that k t (a(x)) = pt{x). We have the 
bound 

(6) \ Pt (x)\ <t(l + tx)- 1/2 , 
and the asymptotic 

(7) p t (x) = e ltx a(x)t 1/2 x- 1/2 + e itx b(x)t 1/2 x- 1/2 + tO((tx)- 3/2 ) 
for a(x) and b(x) in Cq°(R). 

Proof. Inequality (EJ) follows from Theorem 3 of [13] and inversion of the Harish- Chandra 
transform. To prove (j7|), it follows from Propositions 13 and 14 of JT3] that pt{x) has an 
expression of the form 

/oo /»oo 
ht(x, z)e ltxz2 dz + te~ Ux / h 2 (x, z)e ltxz ' 'dz + tO A ((tx)~ A ), 
-oo J — oo 

where hi and h 2 are smooth and compactly supported. The asymptotic follows immediately 
from this by stationary phase. 

□ 

Let A® denote the operator on X obtained by averaging the point pair invariant associated 
to under T, and let Rt = RA®. If G has norm 1, it suffices to estimate the pairing 
(aR t ip , (ft) . We take adjoints and apply Cauchy's inequality to obtain 

\(aR4,4>)\ = \(i>,R* t a<f>)\ 

< (a(j),R t R* t a<j)} 1/2 . 

Let kt be the i^-biinvariant function with Harish- Chandra transform hf, and let K t (x,y) be 
the associated point pair invariant on HI. If we choose the support of k^ to be sufficiently 
small, the integral kernel of RtRl is just the restriction of K t to I x I. Therefore, if we 
let p : [0, 1] — > £ be a parametrization of I and p t G C^°(IR) be the function defined in the 
statement of Proposition [EJ we have K t (p(x) , p{y)) = Pt(x — y). Recalling our identification 
of I with M//Z, we define P t : L 2 (£) — > L 2 (£) to be the operator with kernel 

p t(p(x),p(y)) = ^Pt(x -y + nl). 
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If we choose the cutoff function a so that its support is bounded away from the ends of £ and 
the support of k® to be sufficiently small, we will have RtR^acpi = P*a0i so that it suffices 
to estimate (a0, Ptacj)). Define Ip to be the union of the intervals [±t — (3/2,±t + f3/2], and 
decompose acp as 4>i + 02, where the Fourier transform of 2 is supported on Ig and the 
transform of 0i is supported on its complement. Because a was a fixed smooth function, we 
have ||02 1| 2 fi~ A - Because the kernel of P t is translation invariant, we have 

{a^PM) = (0 l5 P t <j> x ) + (0 2) P t (f> 2 ) 

< sup\p t (\)\+0 A (f3- A )sup\p t (\)\. 

Inequality (jSJ) of Proposition [S] gives sup |j5t(A)| <C t 1 / 2 , and so Proposition [H] will follow from 
the following estimate. 

Lemma 9. We have \p t {\)\ < e t 1/2+e /3~ 1/2 for A (£ I p . 
Proof. We wish to estimate the integral 

OO 

iXx . 



p t (x)e dx 

for X £ Ip. We let b(x) be a smooth cutoff function that is equal to 1 on [—1, 1] and zero 
outside [—2,2], and decompose the integral as 

oo poo poo 

p t (x)e iXx dx= / b(t- t /3x)p t (x)e iXx dx + / (1 - b(r e l3x))p t (x)e iXx dx. 

-CO J —OO J —CO 

The contribution from the first integral may be bounded by t 1 / 2+e /3 _1//2 using ([6]) of Proposi- 
tion [HI and we shall use the asymptotic ([7]) and integration by parts to show that the second 
integral is small. 

To bound the contribution of the error term tO((tx)~ 3 ^ 2 ) in the asymptotic for pt(x), we 
observe that 

(xty 3/2 dx < r l 

-1 

and so this term makes a contribution of 0(1) which may be ignored. The two main terms 
in the asymptotic are identical, and so we shall treat the first one by estimating the integral 

OO 

(1 - b(t- e Px))e i{x - t)x a(x)t 1/2 x~ 1/2 dx. 

■OO 

After changing variable from x to t~ e (3x, this becomes 

POO 

t l/2+ep-l/2 / (1 _ h{x)y^ tt ^ lx a{tp- 1 x)x~ 1 ' 2 dx. 



Our assumption that (3 > t e for some e implies that < 1, so that all derivatives of 

a(t e f3~ l x) are bounded. In addition, all derivatives of x^ 1 ^ 2 are bounded on the support of 
(1 — b(x)), and (A — t)t e f3~ 1 ^> t e , so repeated integration by parts implies that this integral 
is <Ca t~ A as required. 

□ 
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4. Arithmetic Amplification I 



We now prove Theorem [TJ using the method of arithmetic amplification developed by 
Iwaniec and Sarnak in [IT] . Let N > 1 be an integer, and let a n , n < N, be a sequence of 



complex numbers. As in Section [3] we let A® denote the spectral projector on X associated 
to and R t = RA®. We define T to be the operator 

r= v — t 



Kn<N 



and will estimate the inner product (aR t Tip, <fi) with £ ifg an arbitrary norm one vector. 
We begin by taking adjoints and applying Cauchy-Schwarz as follows: 



\(aR t TiJ,(P)\ = \^,T*R* t a4>)\ 

< {T*R* t a(f),T*R* t a(j)) 1/2 
= (a(f),TT*RtR* t a(f)} 1/2 . 

As in Section [31 we let k t be the i^-biinvariant function with Harish- Chandra transform h 2 , 
and Kt(x,y) the associated point pair invariant. By abuse of notation, we shall also let 
K t (x,y) denote the symmetrised integral kernel on X. We then have 

(8) \(aR t T^,<p)\<(a<P,TT*K t a<f)) 1/2 . 

We shall estimate this inner product by estimating the terms (a<p,T n K t acj)). If we define 
J(M,7^)by 

I(t,£,j£)= / / a(x 1 )(f)(xi)a(x2)(f)(x2)K t (x 1 ,x 2 )dx 1 dx2, 
J i J^e 

then the RHS of (jHJ) may be expressed as 

(9) {a^rr*KM)= Y\ oc n a m V V I(t,i, 7 £). 

m,n<N d\(n,m) "/£R(nm/d 2 ) 

We shall estimate (|9]) with the aid of a distance function on pairs of geodesies on X. If 
£' is another geodesic segment on X of the same length as £, we define the distance d(£, £') 
between the two segments as follows. Extend £ by twice its length in both directions, and 
let Nt(r) be the set of all points within distance r of this extended geodesic. We define 

d{£,£') =M{r\£' CN e {r)}. 

The first result we shall need to prove Theorem [5] says that only those 7 for which d(£, j£) <§; 
£-i/2+<5 ma ]^ e a l ar g e contribution to the sum in ([9]). 

Proposition 10. Let £ and £' be two geodesic segments of length I, and let k = d(£,£'). We 
have the estimate 



(10) 



I(t,£,£')\ <t 1/2 
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for all k, while if k >t 1 / 2+e /3 1 / 2 we have 



\I{t, t, £') | < e t 1/2+e max{(^ 1 / 2 )- 1 , p 2 (Kt 1/2 y 3 }. 



We shall prove Proposition [TU] in Section The second result we shall need is a bound 
for the counting function 



Lemma 11. 



M(k) = M(£,n, k) = | {7 G i?(n)|d( 7 £,£) < «}|. 



M(£, n, k) < e (k 2 + K 1/2 )n 1+e + n e 



Proof. This may be proven in exactly the same way as the corresponding Lemma 1.3 of 
The only differences are that we must consider the quadratic form [a, /5, 7] associated to £ 
with 

f3 2 - 4a 7 = 1, 

and the subgroup K% generated by translation along £ which may be parametrized as 



t — (3u —2-yu 
2au t + (3u 



\t 2 -u 2 = l 



We have 



d(£, j£) < k -)■ 7 = z + O(ac) with z G iff. 



If we write 7 as 



7 



x 
bx 2 



xx\/a x 2 + x^a 



then xq and 07 must satisfy the equations 



\xl - —xl - n\ rift, \x \ <C \/n, < a/w, 

where the last two conditions come from the fact that the entries of 7 must be bounded. 
The proof now proceeds exactly as in [11], with the difference that we must count ideals of 
a given norm in real quadratic fields rather than imaginary ones, and the presence of units 
intor duces an extra factor of n e into our counting which we may ignore. 

□ 

With these results, we are ready to estimate the sum (Q. We begin with a dyadic de- 
composition, by defining I = [0, r 1 / 2 ^ 1 / 2 ] and I k = [2 fc - 1 t~ 1 / 2+e /3 1 / 2 , 2 fc t" 1 / 2+e /3 1 /2] f or 
logt ^> k > 1, and break the sum into pieces with d{£,^£) G Ik- When k = 0, we apply the 
bounds 



\I(t,£ 7l £)\ « t 1 / 2 
M{£,nm/d 2 ,t- 1/2+e (3 1/2 ) < e r l/A+e [5 l/ \nm/ d 2 ) l+e + (nm/d 2 ) e 
from Lemmas [TU] and [TT] to give the following estimate for the sum. 



E «a E -7= E 7 (*>4-tf) « ^ E E -4=(t l/4 p l/4 ™+t^ 2 



J ran 

m,n<N d\(n,m) ■y£R(nm/d 2 ), 

d(£,7^)G/o 



m,n<N d\(n,m) 



*mn 



d 2 



(12) 



When k > 1, we apply the bounds 



« iV e f £ « n n m £ ^1/^1/4 + _4= t i/2. 

m,n<N d\(n,m) 



\i{t,t^e)\ < 2 - fc t 1 / 2+e /3- 1 / 2 

M(£,nm/d 2 ,t- 1/2+£ 2 fe ) < £ 2 fc / 2 r 1 / 4+e / 2 /3 1 / 4 (nm/d 2 ) 1+s + (nm/d 2 ) ( 



to obtain 



'ran 



(13) £ « n n m E 7= E J (*>^) 

m,n<N d\(n,m) V -yeR(nrn/d 2 ), 

<jw y « n « m y v^ 2 - fc /v/ 4 /3- 1 / 4 + -^2-y/ 2 /?- 1 / 2 . 

m,n<N d\(n,m) 

The RHS of (JEJD is at most 2~ fc / 2 times the RHS of flU]), and so the sum over k is at most 
a constant times the RHS of (fl2l) . We have 



(14) 
while 



E E 

m,n<N d\(n,m) 



/ nm . A7i+ f ^ \ i A 

\at n at m \ < iV I > , | On | I 



E E 

m,n<N d\(m,n) 



d 



>mn 



E EE 

m<iV im<iV d|i 
n<N ln<N 
(m,n)=l 



d 



l\/mn 



< 



" [ E( 



I ^nZ | | ^mi | 



lm<N 
ln<N 



n 



(15) 



Combining dlH and (TTSl with (TT21 gives 



a"E 



< ;V > |n, 

n<AT 



(a0. 



ttkm) « iVT ( t 1 / 2 y i« n | 2 + f y \ an \ \ ] 

y n<N \n<N J J 



and Theorem H] now follows by applying ([8]) and calculating the action of T on ip. 



5. Arithmetic Amplification II 

We now present the modifications which we are able to make to the proof of Theorem H] 
under the assumptions (jlj) and (JSJ), which result in the proof of Theorem [71 Let N be an 
integer of size roughly t 1 / 2+e /3 -1 / 2 for some e > 0, and define T to be the operator 

T _ sr Mp)_ T 

N/2<p<N v ^ 

If K t is as in Section [31 it again suffices to bound the inner product (a<ft,TT*K t a<f)). After 
reducing TT* using the Hecke relations, we have 

(16) (a4 > ,rr*K t acf > )= ]T I(t,£,£)+ ]T \(j,)X@-L ]T I{t,£, 1 £). 



N/2<p<N N/2<p,q<N v ^ ~/<=R{pq) 

The key difference between the proof of Theorem H] and Theorem [7J is that we shall now 
estimate the recurrences of I under a large collection of Hecke operators T n at once using 
spectral methods, rather than individually. This is carried out in the following proposition. 

Proposition 12. If M and 5 > satisfy M > 5~ 2 ~ e , we have 

M/2<m<M -yeR(m) v 
(m,q)=l d(e,~f£)<8 

where q is the integer defined in Section [Ol 

Proof. We may assume without loss of generality that 5 is less than any fixed constant. Let 
£ be the lift of i to r\SX 2 (M), and fix a Riemannian metric on a neighbourhood of £. Let 
/ be a smooth positive bump function which is supported on a tube of radius 28 around £ 
and equal to C(5)<5 -1 on a tube of radius 5, where the tubes are constructed using the Rie- 
mannian metric we have chosen. C(5) is some constant which is absolutely bounded away 
from and oo, and chosen so that / satisfies ||/||2 = 1 in L 2 (r\SX 2 (M)) and (/, 7/) 3> 1 if 
d(£. "/£) < 5. 

Choose g G C^°(0, 00) to be positive and satisfy g(x) — 1 for 1/2 < x < 1. If we define 

s= y s -^IBt, 

(m,q)=l 

then we have 



mi 

m 



E E J r«u,sf) 



M/2<m<M yeR(m) 
(m,q)=l d{e,j£)<S 

and we may estimate the RHS spectrally. Expand / with respect to a decomposition of 
L 2 (T\SX2(1R)) into automorphic representations as 
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i 

where ipi is an L 2 normalised vector in an automorphic representation with eigenvalue m 
under the Casimir operator C. We may choose / so that 

||c n /l| 2 «« r 1 - 2 ". 

Integration by parts then gives 



<n \fii\ , 

so that |otj| <CA,e & A if \lk\ > S~ 2 ~ e , and we may write 

/ = </,l>+ Y! ^ t + A , € (5 A ). 

Note that we have normalised the volume of r\SL,2(R) to be 1, and £' denotes the sum over 
the nontrivial representations. Substituting this into (Sf, f) gives 

(SfJ) = (fA) 2 J2 9{m/M)^R+ Y N 2 E 9(™/M)\(m) + Ae (6 A ), 

(m,q)=l M<S- 2 -' (m,q)=l 

where Aj(w) are the Hecke eigenvalues of ipi. The result now follows from Lemma [TBI below, 
and the asymptotic (/, 1) <C 5. (Note that our assumptions that M > 5~ 2 ~ t and |/^| < 5~ 2 ~ e 
guarantee that the hypothesis of the lemma is satisfied.) 

□ 

Lemma 13. If M > we have 



m 

where the implied constant is uniform in ipi. 



m) 



Proof. We shall drop the subscript i, and assume that ip is a vector in a principal series 
representation as the discrete series case is similar. We first consider the case q = 1. 

Let r be the spectral parameter of if), so that fi = 1/4 + r 2 . By applying the functional 
equation and Stirling's formula, we see that the L-function L(s,ip) satisfies the estimate 

(17) \L{-A + it,1>)\ < Ae (t 2 + r 2 + l) A+1 ' 2 ^ 

for A sufficiently large. If we let ~g(s) be the Mellin transform of g, which is entire and decays 
rapidly in vertical strips, we obtain 



yVm/M)A(m) = / L(s,?p)g(s)M s ds 



n 



If we shift the line of integration to a = —A, and apply (ITT)) and the rapid decay of g, we 
have 



Y J 9{m/M)X i 



m) < e , M- A {l + r 2 ) A+l l 2 ^' 
« e , M"V +1/2+e ' 

< £ , M -^ M (l-,)(A+l/2 +e ') 

as required. In the case when q > 1, we apply the same argument to the incomplete L- 
function obtained by removing the local factors at primes dividing q from L(s, tp). 

□ 

With these results, we are ready to estimate the RHS of (JIB]) . We begin by applying the 
trivial bound of Proposition [TU1 to the first sum, and our assumption that \\{p)\ < 2p e to 
the second, which gives 

(a0, TV KM) < Nt 1/2 + N 29 V V \I(t,£,j£)\. 

\/PQ 

p,q v -y&R(pq) 

Enlarging the sum to one over all N 2 /A < n < N 2 with (n, g) = 1 gives 



18) 



(a^TVK^^Nt^ + N 29 ^ -1= ]T |/(M,7^)I 



7Z 

n~Af 2 V 7GR(n) 
(n,g)=l 



We now apply a dyadic decomposition with respect to d(£,j£). Define I = [0,t l l 2+e f3 1 / 2 
and I k = [2 k -H- 1/2+e l3 1/2 ,2 k t- 1/2+e (3 1/2 ] for logt > k > 1, and decompose the sum in (EES 

as 



E 4? E iam,7*)i = E E E -iw-^i 



' TL — — — — \l TX 

.N 2 v ~t£R{n) k n ~N 2 jeR(n) V 

(n,q)=l (n,q)=l d(l,-yi)£h 

< J2 Bu P |/(m, 7 £)| J2 E -4 

(n,g)=l d(e,y£)£l k 

The assumption that iV ~ t l l 2+t (3~ l l 2 implies that we may choose 5 = 2 k t~ 1 / 2+t [3 1 / 2 and 
M = N 2 in Proposition [121 so that 



]T ^ ^ « iV 3 2 2fc r 1+e /3. 



'77, 

n~iV 2 76-R(n) V 
(n,q)=l d(e,-y£)el k 

When k — 0, combining this with the bound 7^)| <C t 1 ^ 2 from Lemma ITU1 gives 
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Jn 

n~7V 2 jeR(n) v 
(n,g)=l d(e,~/£)£l 

When k > 1 but 2 fc < /3 1 / 2 , we choose the first term in the minimum of inequality ( TTTj) to 
obtain 

\I(t,£,<y£)\ «£2- k t 1/2+e f3- 1/2 , 

so that 

.1/2 



,/n 

n~iV 2 7G-R(n) 
(n,g)=l d(i,"/i)£l k 



When 2 fc > /3 1//2 , choosing the second term in inequality ffTTj) yields 

|/(t,£, 7 £)| <2~ 3 Y /2+e /3 1/2 



and 



< J < * , IT) 

n~N 2 
n,q)=l , 

Summing over k gives 



' Ti 

n~N 2 7GiJ(n) 
(n,q)=l d(e,^£)£l k 



4= E i/(M,7*)i« e tf 3 *- 1/2+e & 



'77. 

n~JV 2 v ■y£R(n) 
(n,q)=l 

and substituting back into ffl8|) we have 

(a0, TT*KM) < iVt 1/2 + iV 3+2e t- 1/2+£ /3. 
Substituting this into our Cauchy-Schwarz inequality, this implies the bound 

| (aR t TtP, 0) | 2 < Nt 1 / 2 + iV 3+2e t- 1 / 2+e /3. 

If we estimate the action of T on ijj using our assumption ((4]) and substitute iV ~ t l ^ 2+t (3~ l l 2 , 
this gives 

\(aR t T^A)\^e t e / 2 +^/4-e/2 

as required. 

Remark. The method we have used of estimating Hecke recurrences spectrally is unlikely 
to work in other situations. It requires us to choose an amplifier that makes the sums of 
eigenvalues in Proposition [12] longer than the relevant analytic conductors, and in other 
cases (such as higher rank or when using the operators T p 2 on GL 2 to give an unconditional 
theorem) this gives the amplifier so much mass that the 'off-diagonal' term is worse than 
the trivial bound. The method also depends on the exponent of k in Proposition [TU] being 

13 



small, and fails to improve the L°° bound of [TT] under the assumption (jTJ) because the 
corresponding exponent in that case is larger. 



6. Oscillatory Integrals 



We now establish a bound for integrals of spherical functions over geodesic segments, 
stated as Proposition [14] below, that will be needed in proof of Proposition [TUJ 

Let t and k be as in Proposition [10J and note that because / < 1, we may assume 
that k < 2 by choosing the support of k t to be small. Let w be a parameter satisfying 
t~ 1+€ K~ 2 < w < 10, and let b G Cq°(R) be a cutoff function around the origin at scale w, i.e. 
such that 



(19) 
(20) 



supp b(z 
d n 

Mz) 



dz 1 



c 



-lOw, lOw] 



w 



Let x be a number satisfying C~ x kw < x < Ckw for some absolute constant C > 0, and let 
p(y) = x + ie y = n(x)a(y) be a function parametrizing an infinite vertical geodesic in H. Let 
s satisfy \t — s\ < t e , and let (f- s be the spherical function with parameter — s. The result 
we shall use is as follows. 

Proposition 14. With notations as above, if A G [±t — (3, ±t + 0] we have 



(21) 



b( y y x y^My))dy 



Proof. We may assume without loss of generality that A G [t — (3, t + as the proof in the 
other case is identical. If we substitute the formula for as an integral of plane waves into 
the LHS of (1211). it becomes 



OO PIT 



b{y) exp(i\y + (1/2 - is)h(k(6)n{x)a{y)))d0dy. 



OO J —7V 



We first make a smooth decomposition of the integral in 8, into the piece with \9\ < k, and 
the complement. Let b\ and 62 be a smooth partition of unity on [— tt, tt] with 61 supported 
outside (—ck,ck) and 62 supported in [— 2ck, 2ck], where c is a constant to be chosen later. 

6.1. Contribution from 9 away from 0. We shall prove the rapid decay of the first 
integral 



OO /*7T 



b(y)b!(e) exp(i\x + (1/2 - is)h(k(6)n(x)a(y)))d6dy 
by establishing it for the sub-integral 



00 J —tx 



(22) 



b(y) exp(i\y — ish{k{6)n(x)a{y)))dy , 
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where we have absorbed the factor of exp(h(k(9)n(x)a(y)) /2) into b(y). The support of 
h\ allows us to assume that \9\ > ck. We shall need the following lemma on the function 
h(k(6)n(x)a(y)). 

Lemma 15. If (x,y) is restricted to a bounded open set I C M. 2 , there exists an open neigh- 
bourhood U C K of the identity and a nonvanishing real analytic function z on U x I such 
that 



{d / dy)h{k{0)n{x)a{y)) = l-9 2 z 

for (x,y) E I and k{6) G U . 

Proof. Let a be the angle between the geodesic k(9)£ and the upward pointing vector at the 
point k(8)n(x)a(y), which has the property that 

k(k(6)n(x)a(y)) = k(a). 

The analyticity of the Iwasawa decomposition implies that a is analytic as a function of 
(9, x, y). We have 



1 — (d I ' dy)h(k(9)n(x)a(y)) = 1 — cosa 

= -2sin 2 (a/2). 

We choose the neighbourhood U such that sin(a/2) vanishes on U x I iff 9 = 0. It can be 
seen that da/ 89 never vanishes when 9 = 0, and so because a was analytic we see that there 
is a nonvanishing analytic function z on U x / such that sin(a/2) = 9zq. Defining z = 2z^ 
gives the result. 

□ 

Apply Lemma [TBI to any set / that contains [0, lOCre] x [—100,100] (which contains all 
(x, y) under consideration), and let U C K be the set produced by the Lemma. In the case 
when 9 e U, we may apply Lemma [15] and take an antiderivative to obtain 

h(k(9)n(x)a(y)) =y-9 2 Z + c(6, x), 

where Z is an antiderivative of z with respect to y. We may use this to rewrite the integral 

as 

POO 



b(y) exp(i\y - ish(k(9)n(x)a(y)))dy = e lc( ' x) b(y) exp(i(A - s)y - is9 A Z)dy 

) J — oo 

(23) = e ic{0 ' x) / b(y) ex P (-is9 2 ^)dy, 



where we define = Z + s~ 1 9~ 2 (s — X)y. 

We have assumed that \t — A| < /3 and \t — s\ < t e , and we may further assume without 
loss of generality that (3 > t e so that \s — A| < 2/3. Combined with our assumption that 
9>ck> ct~ 1/2+t (3 1/2 , this implies that 



s-^- 2 (s - A) | < s- 1 t 1 - e /3- 1 2f3 < r e , 
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so that 



(24) = Z + 0(r e )y, and (d/dy)V = z + 0(t~ € ). 

It follows from fl24"j) and the fact that z was nonvanishing that (d/dy)^ will be uniformly 
bounded from below onUxI for t sufficiently large (after shrinking the domain if necessary). 
This implies that all derivatives of y with respect to \I> are uniformly bounded from above, 
so we may change variable in ff23|) and write it as 

/oo 
■oo 

where b is again a cutoff function at scale w. We therefore see that the integral is <Ca t A 
if s8 2 w ^> t e , but this follows from our assumptions that \9\ > ck and w > K~ 2 t~ 1+€ . 

In the case where 9 is outside of U, we may show that (d/dy)h(k(9)n(x)a(y)) < 1 — c\ for 
some ci > depending only on U, which gives 

(d/dy^iXs^y - h(k(6)n(x)a(y)) > 1. 
The result now follows immediately by integration by parts with respect to y. 



6.2. Contribution from 6 near 0. We now prove the rapid decay of the second integral, 



b(y)b 2 (9) exp(i\x + (1/2 - is)h(k(9)n(x)a(y)))d9dy. 
We do this by estimating the sub-integral 

62(6*) exp(—ish(k(9)n(x)a(y)))d9, 

where we have again absorbed the factor of exp(h(k(9)n(x)a(y)) /2) into b 2 , and the support 
of b and 62 allow us to assume that \y\ < lOw and \9\ < 2ck. We shall do this with the aid of 
the following uniformizaton result for the function h, which is a special case of Propositions 
13 or 14 of H31. 



Lemma 16. If I cl is a bounded open interval, there exists a neighbourhood U C K of the 
identity and a real analytic function z on U x I such that z(0,y) = 0, 

h(k(9)a(y)) = y-yz 2 , 

and all derivatives of the change of co-ordinates from (6, y) to (z, y) and back are bounded. 

Let r = r(x,y) be the hyperbolic distance from i to the point n(x)a(y), and let a be the 
angle subtended at i between n(x)a(y) and ioo, so that 



(25) 



n(x)a(y)i = k(a)a(r)i e EL 
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We have r 3> x, and our assumptions that \y\ < lOw and x < Ckw < 2Cw imply that 
r < id < 1. Moreover, our assumptions that x ~ kw and \y\ < lOw imply that it — 2c\K > 
a > 2c\K for some absolute constant C\ > 0, and hyperbolic trigonometry gives ra ~ x ~ wk. 

Choose I in Lemma [TBI to be any interval that contains r(x,y) for all x and y under 
consideration, and let U be the open set produced by the Lemma. If we assume that a is 
small enough that k(a + p) G U for \p\ < 2ck, Lemma [TBI and (1251) give 



h{k{9)n{x)a{y)) = h(k(a + 9)a(r)) 
= r — rz 2 {9 + a, r) 

for |#| < 2ck. We therefore have 

POO 

b 2 {9) exp(-ish(k(9)n(x)a(y)))d9 = e~ irs \ b 2 (9) exp(-irsz 2 (9 + a,r))dti 



-oo 
oo 

(26) = e~ irs I b 2 (9 -a)exp(-irsz 2 (9,r))d9. 

J — oo 

Because supp&2 C [— 2ck,2ck] and a > 2c\K, we may assume that b 2 {9 — a) is supported 
outside of [— c\a, C\a\ by choosing c sufficiently small. Lemma [TBI allows us to change variables 
from 9 to z and rewrite f[26"l) as 

/■oo 

a (z) exp(—irsz 2 )dz, 

where the bounds on the derivatives of the change of co-ordinates provided by the Lemma 
imply that cr is a cutoff function at scale k around a, and is again supported outside of 
some interval [— c 2 ct, c 2 a\. We then change variable from z to kz to obtain 

POO 

a (Kz)exp(—irsK 2 z 2 )K,dz= / &i(z) exp(— irsKa{Kz 2 / a))ndz, 



where o\ is a cutoff function at scale 1 around a/n whose support is bounded outside of 
[— c 2 ot/K, C2«/k]. We finally change variable to y = K,z 2 /a, so that 

z = y/ay/K, — ~ y/a/^y 1/2 ~ n . 
On the support of <j\ we have y > c 2 a/n, so that 

d n z 



•C n 1 for n > 1, 



dy r 

and all derivatives of o\ with respect to y are bounded. With this final change of variables 
the integral becomes 

/■oo 

cr 2 (y) exp(—irsKay)ndy 

where all derivatives of a 2 are bounded, and this will be <^a t~ A if rsna 3> t e . However, we 
have ra ~ x ~ to, so rs/ta 3> t/t 2 ty 3> t e by our assumption on w. 
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We now suppose that a is not close to 0. If it is close to 7r, we may apply Lemma [161 again 
with y < and argue as before. If a is bounded away from and it, we may show that 



(d/d6)h(k(6)n(x)a(y)) > r, | (d/d6) n h{k{0)n{x)a{y)) | < n r 

for |6*| < 2ck, and the result now follows by integration by parts in 9 provided tru ^> t e . 
However, trn 3> txn ~ tK 2 w 3> t e as required. 

□ 

By inverting the Harish- Chandra transform and observing that k t decays rapidly in t 
outside of the intervals [±t — t e , ±t + t e ], we obtain the following corollary of Proposition [HJ 



Corollary 17. With notations as in Proposition [X^J we have 



b(y)e^k t (p(y))dy 



7. Proof of Proposition [TOl 

We now deduce Proposition [TOl from Corollary [T71 The first inequality fTlO|) follows trivially 
from ([6]) of Proposition [HJ The proof of inequality f[TT]) splits into two cases depending on 
whether short extensions of i and intersect or not, and we begin with the intersecting case 
as it is the more difficult of the two. 

Let i and £' be the segments obtained by extending I and £' by their length in each 
direction, and suppose that £ and £' intersect. We shall change notation, and use £ and £' 
to denote our new pair of extended intersecting geodesies whose length is now 3/ < 3. Let 
a be the angle at which £ and £' meet, which is equal to k up to absolutely bounded factors 
so that a t~ l l 2+e . We choose length parametrizations p and p' of £ and £' such that p(0) 
and p'{0) are their point of intersection, and extend £ and £' further so that the domains of 
p and p' are [—3/, 3/]. 

We begin by introducing functions which form a partition of unity on the support of the 
integrand in 

/ a(x 1 )(f)(xi)a(x2)(f>(x2)K t (p(x 1 ), p(x 2 ))dx 1 dx 2 . 

-31 J -31 

Let bi and b 2 be positive functions with support in [—2,2], with the property that 
bi(xi/x 2 ) and b 2 (x 2 /xi) form a partition of unity on MP 1 . Let Xi be the characteristic 
function of [— n~ 2 t~ 1+e , K~ 2 t~ 1+e ], and \2 be the characteristic function of [—3/, — n~ 2 t~ 1+e } U 
[K~ 2 t' 1+e ,3l]. We define 



Ai(xi,x 2 ) = b 1 (x 1 /x 2 )xi(x 2 ), 

A 2 (x u x 2 ) = b 2 (x 2 /x 1 )xi(x 1 ), 

J Bi(xi,x 2 ) = b 1 (x 1 /x 2 )x2(x 2 ), 

B 2 (x x ,x 2 ) = b 2 (x 2 /xi)x2{xi). 
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It can be seen that A\ + A 2 + B\ + B2 is a partition of unity on the support of a(xi)a(x2), 
and that A\ + A 2 is supported on the set [— 2n~ 2 t~ 1+e , 2n~ 2 t~ 1+e } 2 . 

The contribution to I(t, £, £') from Ai + A 2 is bounded by a fixed multiple of 

/ / \cj)(x 1 )(j)(x2)K t (p(x 1 ), p'(x 2 ))\dx 1 dx 2 . 

We shall estimate this integral in two ways. The first is by applying Cauchy-Schwarz to 
cf) x <p and K t . The L 2 norm of <fi x <ft is < 1 by our L 2 normalization of <p, and the L 2 norm 
of K t restricted to this region of £ x £' may be estimated by t l l 2+e (Kt 1 l 2 )~ l using ([6]) from 
Proposition [HJ so that the integral is also <C t 1 ^ 2+€ (Kt 1 ^ 2 )^ 1 . The second way is by applying 
the bound \<f> X <j>\ <C (3 2 and estimating the integral of K t using the bound <Q of Proposition 
El which gives a bound for the integral of f3 2 t 1 ^ 2+e (Kt 1 ^ 2 )^ 3 . 

As a result of this, it suffices to show that the integral I\ defined by 

/3l p3l 
/ B 1 (x 1 ,x 2 )a(x 1 )(f)(x 1 )a(x2)(j)(x2)K t (p(xi),p'(x2))dx 1 dx2 
-31 J -31 

is rapidly decaying, and likewise for the contribution from B 2 . We shall do this by expanding 
in its Fourier series and proving the estimate 



(27) 



3; 



b(y/x 2 )a(y)e iXy K t { P (y),p'{x2))dy 



-31 



-.4 



for the integrals in x\ with X2 G [—3/, — /t _2 t _1+e ] U [n~ 2 t~ 1+e , 31} held fixed, uniformly in X2- 
We shall assume that X2 G [n~ 2 t~ 1+e , 31], as the other case may be treated in the same way. 

Applying a hyperbolic isometry, we may assume without loss of generality that p'{x2) is 
the point isH, and that £ is a segment of a vertical geodesic lying to the right of i. Our 
assumptions that the support of a vanished near the endpoints of £, and that the support 
of k t was small, imply that if the standard horocycle n(x)i through p'{x2) does not meet £ 
then the LHS of fl27|) is 0. We may therefore let this point of intersection be p(q), where 
q satisfies \q\ < X2 by geometric considerations. We let x be the unique number such that 
n(x)i G £, so that p(y) = n(x)a(y — q). Hyperbolic trigonometry and our observation that 
k ~ a gives the existence of an absolute constant C such that C~ 1 KX2 < x < Ckx2- 

If we change our co-ordinate in the LHS of f )2T|) to z = y — q, so that the parametrisation 
of £ is now p{z + q) — n(x)a(y), the integral becomes 



(2* 



-i\q 



X-2 



6, ( ) a{z + q)e iXx K t {p{z + q),p'{x 2 ))dz 



-iXq 



h, ( Z + * ) a(z + q)e iXx k t (p(z + q))dz. 

X 2 



Because \q\ < x 2 , we have the bounds 
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supp b\ 



dz'< 



z + q 

%2 

z + q 

%2 



C [-10x2, 10a; s 



We assumed that k 2 t 1+e < X2 < 3/ < 3, and know that C KX2 < x < Ckx2 for some 
absolute constant C > and that the function 



6i 



9 



;r 2 



a(,z + g) 



satisfies ( !T9|) and (1201 (with x 2 in place of w). The integral ( )28|) therefore satisfies the as- 
sumptions of Corollary [T71 with w = X2, and so is <Ca t~ A . 

In the case where the extensions of i and £' do not intersect, we see that the distance from 
any point of £ to £' is ^> k. We may therefore apply Corollary [T7] with w = 1 to show that 
the sub-integrals with respect to £2 i n 

lit, I, I') are < which gives the stronger estimate 
\I(t,£,£')\ <^a t~ A - This completes the proof of Proposition [TU1 
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